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Abstract, Free-induction decays following a single RF pulse as well as the pulse sequence
6,~t—0_,~t,~0’ are studied for a symmetric system of three identical spin-} nuclei. When the
three-pulse sequence is applied to the sample at thermal equilibrium, the spin system after
the first two pulses usually does not obey a spin temperature but can be described by energy-
level populations. Analytical expressions relating the Fourier spectra of the decays to the
populations and the pulse lengths are derived. Calculations are compared to experimental
methyl-proton lineshapes in a CH;COONa- 3D,0 single crystal.

1. Introduction

Nuclear spin systems are usually investigated at internal equilibrium, i.e. in a state that
can be described by a spin temperature. The shape of the free-induction decay (FID)
following an RF pulse is then independent of the angle by which the pulse has rotated
the magnetisation. In this case the Fourier transform of the decay is identical to the
absorption curve obtained by the slow passage of a continuous RF field [1]. The spin
temperature can be made non-uniform by chemical reactions, continuous RF fields or
strong RF pulses. If the populations of the energy levels of a system with the total nuclear
spin I > } cannot be described by a Boltzmann distribution, the relation between the FID
and the absorption no longer holds [2]. Nor can many-pulse experiments on a multi-
level system be described by precessing magnetisation vectors. To handle such cases,
more sophisticated, general treatments are developed [3]. For systems whose eigen-
functions are known, however, a straightforward quantum mechanical approach is also
applicable and relates the observable FID shape to the level populations by analytical
expressions.

We have studied the system of three dipolar coupled spin-3 nuclei forming a one-
dimensional rotor like the protons belonging to methyl groups in molecular crystals. The
results of calculations concerning the pulse sequence 8,~¢,~6_ ~t,— 8’ were compared to
experiments on a CF;COOAg single crystal in a recent Letter [4]. In this paper we give
the theory in more detail and present new experimental results on a more favourable
test compound, CH;COONa-3D,0.

2, Theory

The system of interest consists of three spin-3 nuclei arranged in the form of an equilateral
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triangle. The triangle undergoes hindered rotation or reorientation about its threefold
axis which makes an angle ¢ with the external magnetic field B,.

The rotor-spin eigenfunctions Wy,, of this system can be labelled by X,, = A .35,
Ay, ELypp and EY ) according to the irreducible representations of the cyclic point
group C; and the z component of the total nuclear spin [$, 6]. At low temperatures the
tunneling splitting Zw, of the rotational ground state becomes important if the nuclei are
light and the hindering potential is weak. Then the E levels are raised by 3w, and the
A levels lowered by %Aw, [5, 7]. This splitting is not usually seen directly in the NMR
spectrum, because the RF field cannot induce transitions between different symmetry
species.

For lineshapes it is more important that the energy levels are shifted by the dipole-
dipole interaction between the three nuclei [8]. Unless ¢ = 0° the A and E levels are
mixed. If, however, the reorientation is fast or the tunneling frequency w, is large, there
is practically no mixing and the eight eigenstates X,, are acceptable to first order [6, 9].
In these cases E levels are unperturbed, but A. levels are shifted upwards and A,
levels downwards by d = (uy/47) (37*4%/8r%) (3 cos® ¢ — 1), where r is the side length
of the triangle and y the magnetogyric ratio of the nuclei. The equilibrium spectrum of
the system then consists of the central line at wy = yB, and satellites separated from it
by +2d/#. If all the nuclear triangles have equal ¢, the intensities of the three lines are
intheratio 1:2: 1. This can be readily calculated from the matrix elements of the operator
I, (cf. the expressions (3) below).

2.1. Free-induction decay

We derive the main features of FID following a single RF pulse assuming that the system
has initial populations Ny, corresponding to its eight levels X,,. Our treatment is
basically similar to those performed for a spin-§ nucleus with a quadrupolar
splitting [10, 11].

The calculations are carried out in the frame rotating at the angular frequency w of
the RF field of the spectrometer. During a pulse of amplitude w,/y along the x axis, the
spin Hamiltonian of the system is [12]

%=ﬁ(w—w0)12+%d—ﬁw11x. (1)

Here I, and /, are components of the operator of the total nuclear spin for the three
nuclei and %, is the secular part of the time-averaged dipolar interaction between the
spins. The wavefunction, expressed as a combination of the eigenfunctions yx,, , is

W(r) = XE Cxn (1) €Xp(—i0 30 t) ¥ xim (2)

where iwy,, = i(w — wo)m + dSxa(0),n)3/2 — O}m|1/2) are the spinenergiesin the rotat-
ing frame. The weights Cx,,(¢) are constant before and after the pulse, because we ignore
the attenuation by longitudinal and transverse relaxation. We also omit the offset by
tuning @ = wyg.
By substituting (1) and (2) into the time-dependent Schrédinger equation

ih(d /dH)¥(f) = #W(r) and using the relations

(Yazsp el Wazrip) = V3

sl Wazip) =2

Wazip = Paz1p2) 3)

(Yereip e [ YExz1p) = —1

<wX’m’lItlem>=O X' #Xorm'#m=1
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where x denotes a or b, we get
(d/dO)Cpuspp =i, (3V3)Casyyy exp(i2di/h)
(d/d5)Casipp = i1 [(FV3)Crryr exp(—i2dt/h) + Cazip] (4)
(d/d0)Cersrpp = —i013Crz1p2.

During a sufficiently strong RF pulse with Zw, > d the solution of (4) will be

Caz3pn() = =A V3exp(ibow,t) — A, V3 exp(—itw 1) + A3 Viexp(ifw, 1)
F A Viexp(—idw 1)

Caxipp(t) = A  exp(itw 1) + A, exp(—itw;t) + A exp(ifw,7) 35
+ A, exp(~idw 1)

Cgx21() = =B exp(idw, 1) + B} exp(—izw, 1)

with coefficients

{-V3Ca- 32(0) £ Cp_1(0) + Cp12(0) = \/3CA3/2 (0)]
H{V3C,- 32(0) = 3CA_15(0) + 3CA12(0) = \/3CA3/2 0)] (6)
i+ \/3CEX—1/2 (0) + Cex2(0)}.

3
X
B

Here the first subscript corresponds to the upper sign and the second to the lower sign.
Cx,,(0) is the value of Cy,,(¢) just before the pulse. The condition Zw, > d was well
fulfilled in our experiments. However, for Aw; not very much larger than d a more
accurate result is presented in [13].

At the end of the pulse with length £, the weights in the wavefunction (2) are Cx,,(t,,).
In the laboratory frame the wavefunction is transformed to exp(iwytl, )¥(#) and the FID
observed is proportional to the expectation value of /, which is the imaginary part of

\/3<CA3/2(’p)* Caipa(ty)) exp[—i(w, — 2d/h)]
+ 2{Ca1pp(tp)* Ca-1(2,)) exp[—iw,t]
+ V3(Cas12(tp)* Cassplty)) expl—i(w, + 2d/A)1]
— (Cgaipp(tp)* Cra_ypp(t,)) exp[—iwgt]
—{Cgb1a(tp)* Crooya(ty)) exp[—iwgt]. (7

By the hypothesis of random phases the ensemble averages of the various terms in (7)
will be (Cx,, (0)* Cx (0)) = Sxx: 8 Nxom /N, where N = Zy,. Ny, . The substitution of
(5) and (6) into (7) gives for FID

(1,) = M_ cos(wq — 2d/h)t + M, cos wot + M. cos(wy + 2d/A)t  (8)
where the amplitudes are given by the products
M. =pM.nT M, =pM.n". 9)
Here p is the vector
= (sin @, sin 26, sin 36), (10)
n' the transpose of the vector

n= (”A—3/2 sHa—1/25Aa12> B A3, RE2—1/2, REa1/2, NEb—1/25 nEb1/2) (1)
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and M. and M, are matrices
-15 -3 3 150000

M.=% |12 =12 12 ¥12 0000

-3 9 -9 30000
(12)

—-18 -10 10 18 —16 16 —16 16
M. =% 6o o o0 0 ¢ o0 0 0
6-18 18 -6 0 0 0 O

The vector p depends only on the angle 8 = w £, which in the classical picture describes
the rotation of the magnetisation by the pulse. The excess populations ny,, in the vector
nare related to the instantaneous populations Ny, by nx,, = Nx,.N — §. (Note, however,
that Ny =2, N, and Ng = Nga + Ngp =2, Nga,, + 2, Ngb, are not equal if o, #
0.) The Fourier transform of the FID envelope (8) is a spectrum composed of a central
line at w, with amplitude M, and satellites at w, = 2d/% with amplitudes M. .

If all the levels have a common spin temperature or at least if each symmetry species
X has its own spin temperature T, then the shape of the spectrum (9) does not depend
on the angle 6. Substituting ny,, = mhw,/8kTx into (11) gives

M, = M_ = (3/T,) (hw,/16k) sin 6
MC = (4/TA + I/TEa + l/TEb)(ﬁwO/16k) sin 6. (13)

This holds precisely for w, = 0. For a non-vanishing tunneling splitting the correct
excess populations are ny,, = (mhw,/8kTx) 2Nx/N) + i2Nyx/N — 1), where
NA/Ng = exp(fiw,/kT ). If hw,/k is comparable to the lattice temperature Ty, (13)
should be replaced by a more complicated expression.

If no spin temperature can be attributed to the A levels, the shape of the spectrum
depends on the pulse angle. Only when 8 is small does the Fourier spectrum (9) agree
with the real, unsaturated absorption curve. After a 90° pulse, on the other hand, M, =
M_ independently of the initial populations, hence preventing the observation of any
dipolar energy.

2.2. Pulse sequence 8.—t;—0_,—t,~6'

To create internal non-equilibrium states in the three-spin system without producing
any dipolar energy we apply two RF pulses of equal length but opposite phases. Our
pulse pair 8,—#,—6_, is a generalisation of the pair 90°,—;-90°_, used to decrease the
weight of the faster decaying component in systems containing two kinds of spins
with different decay rates for transverse magnetisation [14, 15]. It was because the
components in the earlier experiments originated from nuclei belonging to different
sublattices [14] or different symmetry species [15] that the corresponding magnetisations
could be described by separate vectors. In our case the components are attributed to
different resonances of the same spin isomer (I = $) making the vector model unap-
plicable.

We calculate the effect of the pulse pair 6,~t,~6_, on the level populations Ny, of
the three-spin system. After the first pulse the state of the system is described by (2) with
weights Cx,,(t,) from (5). If all attenuation during the interval ¢, is ignored, the initial
values of the weights at the beginning of the second pulse are Cx,,(t,) eXp(—iwxut1).
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The evolution during 6_, is similar to that during the first pulse except for the replacement
of w, by —w; in the Hamiltonian (1). By using (5) and (6) we obtain for the weights at
the end of the 8_, pulse

Ci+3 = [1 — §sinh(idt, /f) sinh? (iw2,)]C o - 32 (0)
— V3 sinh(idt, /4) sinh? (iw,£,)C s =12 (0)
—$V3sinh(idt; /4) sinh(i2w,2,)C4 +1/2(0)
Ci=12 = [exp(idt, /R) + § sinh(idt; /A) sinh?(iw;2,)]C a =1/2(0) (14)
— $V/3 sinh(idt, /%) sinh? (i, ,)C o 532 (0)
+¥V/3sinh(idt, /) sinh(i2w,2,)C 4 32 (0)
C;‘E*:3/2 = CE":l/Z(O)'

Randomness in the phases of Cx,,(0) is used to calculate the new level populations
Nion = {|Ckm|?). The new excess populations n,, are given by the vector formula

n'T =MgnT (15)
where
[1-a-b a b 0 000 0
a l-a-b 0 b 0 0 00
b 0 l—a-»b a 0000
0 b a l1-a-b 0 0 0 0
M, = (16)
0 0 0 0 1000
0 0 0 0 0100
0 0 0 0 0010
0 0 0 0 000 0]
a = 3sin?(dt, /4) sin® 6 cos? 6 an

b = $sin?(dr, /A) sin* 6.

Because the pulse pair changes populations of the A levels only, it does not change the
ratios N /Ng or Ngs/Ngs. Neither can it create dipolar energy which is proportional to
the population difference Na_3/, + Nasy = Na-12 — Nayp but if there is some dipolar
energy the pulse pair will decrease it by the factor (1 — 2a — 2b).

If before the application of 8,—~8_, the system was at internal equilibrium described
by the common spin temperature 7, the excess populations will become

Nazyp = (3 —a—2b)hw/8kT
Raz1p = £ +a - 2b)hw,/8kT (18)
AEsxi/ = Agbeipn = 3w, /8kT

(with the same remarks concerning w, as mentioned in connection with the equation
(13)). In this case the total nuclear magnetisation y%AZx,,mNx,, decreases by the factor
(1 — 4a — %b) in accordance with the vector model.
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Figure 1. Energy-level populations of the three-spin system after the pulse pair 6,~¢-6_,
with t, = 7#/2d for four different values of 6 (a) 8 = 0°; (b) 6 = 45°; (c) 8 = 63.4° (d) 6 =
90°. The steps in the diagram for the thermal equilibrium or 8 = 0° show the dipolar shifts
+d of the A levels.

The populations change most effectively if the interval £, between the pulses is made
equal to 14/2d. The populations of the non-equilibrium state (18) depend on the angle
6 of the pulses. When 6 = 90° these pulses make N,/ maximally smaller than N, _,/,
corresponding to a negative spin temperature of the inner A levels, and 45° pulses have
the same effect on the populations of the outer A-level pairs. If 8 = 63.4°, all the A
levels have a common spin temperature higher than the initial temperature 7', which the
E levelsstill have. For 6 = 35.3° or 90° the temperature of the inner A levels differs most
from T and for 8 = 54.7° it is equal to T. Some cases are shown in figure 1.

The populetions can be read by a third RF pulse. The form of the whole sequence is
then 6,-t,—6_,~t,—68'. The time ¢, before the ' pulse must be sufficiently long for the
transverse magnetisation, produced by the preparing pulses, to decay practically to zero.
The phase of the third pulse is immaterial because the off-diagonal components of the

v Y
H h
i M M,
/ “\g Figure 2. Proton equilibrium spectrum of a
= *  CH;COONa-3D,0 single crystal at 30 K. The
. L ! ) L . L ) L external field of 0.76 T was parallel to the crys-
-40 -20 0 20 40

talline ¢ axis. The marked areas are explained in
Frequency, (w-wgl)/2m (kHz) §3.2.
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Figure 3. Experimental values for the ratio Figure 4. As figure 3, but for the sequence
(M, +M)/(IM, +M_|+|M,)]) measured 90°,~£;~90°_,~100 ps-90°,

from sodium acetate spectra after the pulse
sequence 6,-26 us—0_~100 us-90° at 30 K. The
curve is calculated from equation (19) with
4d/h = 38 kHz, t; = 26 us, 8’ = 90° and varying
pulse angle 6.

density operator have died out during ¢, as well. By replacing (11) by (18) we get from
9)

M,=M_=[(3—-%a—%b)sin8 + 3(b—a)sin36'|(hw,/16kT)

M.=[(6 —a—7b)sin 0’ + 6(a — b) sin 30'|(hw, /16kT).

Inreality the populations start to readjust towards equilibrium immediately after the
first two RF pulses. This development is caused partly by spin diffusion, partly by lattice-
dependent relaxation. (We postpone the analysis of these processes to a later paper
where we present results of our experiments on several samples in a wide temperature
range.) From the FID after the 6’ pulse one is able to calculate the populations at the
moment ¢, by using the formulae (9) to (12). The pulse-angle dependence of the decay
shape makes this determination possible because the shapes obtained with 8’ = 90° and
0’ < 90° give together more information than either alone. By varying the interval ¢,,
the time development of the system is then observed.

(19)

3. Experimental procedure
3.1. Sample and apparatus

An ideal sample for our purpose should contain identically oriented CH;, CF; and NH;
groups relatively isolated from each other. In real crystals which fulfill the first condition

=1 : -
= L . J
d . [

% ot 4
T | i
p

2 7 . I
4; - F
5 -0.5) * . [ Lo

30 60 90 Figure 5. As figure 3, but for the sequence

§' (deg) 90°,~26 pus-90°_,~100 ps—6".
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Figure 6. (@) Proton spectra of a CH;COONa . 3D,0 single crystal at 30 K after the pulse
sequence 6,-26 us-0_,~100 us-90° for different angles € from 0° to 90° in steps of 10°. (b)
Theoretical spectra for the same sequence were calculated from equation (19) with 4d/h =
38 kHz and broadened by the Gaussian function with a FweM of 12.5 kHz.

the groups are often arranged in coaxial pairs. The central line of the spectrum is then
split by the dipole-dipole interaction between the nuclei of the two closely situated
groups {16]. The splitting of the central line can be removed by orienting the crystal
properly but for coaxial groups also the satellites collapse on the centre line at this same
orientation.

The crystal structure of sodium acetate trihydrate is known from x-ray measurements
[17]. The proton coordinates correspond to two differently oriented methyl groups with
an angle of 126° between their axes. An NMR study on CH;COONa-3D,0 suggests
that the axes are almost anti-parallel [18]. Moreover, the axis joining the two nearest
neighbouring groups makes an angle of 18° with the axis of an individual methyl group.
Therefore it is possible to eliminate the splitting of the central line without totally
removing the satellite separation. Although the CH;reorientations become slow relative
to the proton line width below 20 K, the A and E levels will not be mixed by the dipolar
interaction even at the lowest temperatures because of the large tunneling splitting. In
sodium acetate w,/2s is 1400 MHz at 4.2 K and still about 1100 MHz at 30 K according
to inelastic neutron scattering [19].

Our single crystal of CH;COONa . 3D,0 was grown from a supersaturated solution
of CH;COONa in the mixture of CH;CH,OD and D,0. The orientation of the crystal
was determined by reflecting laser light from the growth faces. The sample was partly
ground to fit into the coil of 5 mm diameter. Our spectra confirmed the result of earlier
NMR experiments that the maximum satellite separation with a reduced splitting of the
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Figure 7. As figure 6 but for the sequence 90°—¢,-90°_ ~100 us-90° with different intervals
1.

central line should appear when By is roughly parallel to the crystalline ¢ axis [18]. This
orientation, with 38 kHz separation between the satellites and 12.5 kHz FwHM of the
central line, was used in all the experiments described here. The temperature 30 K near
the 7; minimum was chosen for being able to repeat the pulse sequence every 2 seconds.
The effect of the pulses, however, was basically the same up to room temperature. The
equilibrium spectrum is plotted in figure 2.

The experiments were carried out at the proton resonance frequency of 32.5 MHz
by using a Thor superconducting magnet and a Bruker SXP 4-100 spectrometer. The
pulse programmer and the accessories for the quadrature detection and the digital
recording of the signals were constructed in our laboratory. The fast Fourier transform
was performed with an ABC80 microcomputer. The probe and the cryostat for cooling
by a liquid helium bath were also home-made.

3.2. Results and discussion

Figures 3 to 5 compare the equation (19) directly with measurements. The experimental
values for M, M_ and M, are the corresponding satellite and central line areas of the
sodium acetate spectra at 30 K. The borderlines between the areas are shown in figure
2. They were chosen to make the ratio (M, + M_)/M_ equal to unity at thermal equi-
librium. The original spectra are plotted in figures 6 to 8 together with their theoretical
counterparts.

The curves in figures 3 to 5 are calculated from equations (17) and (19) by using the
satellite separation 4d/h = 38 kHz and also the experimental values for the parameters
t;, 8 and 6'. The theoretical spectra in figures 6 to 8 are calculated from the same
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Figure 8. As figure 6 but for the sequence 90°-26 us-90°.,-100 us—6" with different angles
6’ from 10° to 90° in steps of 10°. Here the experimental spectra are magnified by the factor
2.5.

equations but are, in addition, broadened by the Gaussian function with a FWHM of
12.5 kHz width at the half intensity. In figures 6 and 7 the areas of the theoretical and
the experimental spectra are made equal at thermal equilibrium. No other adjustable
parameters are used. In figure 8, however, the experimental spectra are magnified by
the factor 2.5 to show their structure more clearly.

The two series of experiments presented in figures 3 and 4 (and also in figures 6 and
7) demonstrate the effect of the pulse pair 6,~¢,—6_, on the methyl-proton system. The
points in figure 5 (or the spectra in figure 8) show the effect of the angle 6" of the
measuring pulse. (The slight deviation of the curve from rectangular behaviour in figure
5 arises from a small difference between #; = 26 us and 7%/2d = 26.3 us. Note the
tendency of the experimental values to follow this curve.)

Generally, the theoretical and the experimental ratios (M, +M.) /
(|M, + M_| + |M,|) agree rather well with each other. For thermal equilibrium the
ratio is 0.5. The deviation of the theoretical curves and the experimental points from
this value shows the effect of the A-level populations which do not obey a common spin
temperature. The amplitudes of the experimental spectra or the absolute values of M.
and M., however, are in many cases much less than expected by our model. This is
mainly due to the exclusion of attenuation from our calculations during the interval ¢,.
The omission of the attenuation during the pulses is less serious because of their short
duration of only 0.2-1.8 us. Indirectly the pulse length has some effect because the
degree to which the magnetisation is affected by attenuation depends on the angle 6 of
the pulses.
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Another source for the difference between the theory and the experiment in the
pulse sequence 6,—t—6_,—t,-8' is the spin diffusion during the time ¢,. To minimise this
effect 8’ should be applied as quickly as possible. The shortest safe value for ¢, depends
on the angles of the pulses. For all our experiments the transverse magnetisation was
observed to have decayed sufficiently in 100 us.
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